Within a linear spin wave analysis, it is shown that the antiferromagnetic Heisenberg model on the checkerboard lattice is a good candidate for a quantum spin liquid ground state. Through an additional exchange interaction that corresponds to an intra-tetrahedron coupling, all cases from the square lattice to the checkerboard lattice have been explored and it is shown that there exists a critical coupling for which the local magnetization vanishes. This behavior is similar to that already observed in the kagomé lattice and suggests that the quantum spin liquid behavior of the checkerboard limit is robust against small variations away from this limit.
Within a linear spin wave analysis, it is shown that the antiferromagnetic Heisenberg model on the checkerboard lattice is a good candidate for a quantum spin liquid ground state. Through an additional exchange interaction that corresponds to an intra-tetrahedron coupling, all cases from the square lattice to the checkerboard lattice have been explored and it is shown that there exists a critical coupling for which the local magnetization vanishes. This behavior is similar to that already observed in the kagomé lattice and suggests that the quantum spin liquid behavior of the checkerboard limit is robust against small variations away from this limit. 
I. INTRODUCTION
In one dimension (1D) the ground state of the Heisenberg antiferromagnet may be quasi-ordered or disordered, depending on the spin parity S [1] . When S is an integer, and in particular, when S = 1, the ground state corresponds to a magnetically disordered state where spin-spin correlation functions (CFs) exponentially decay with distance and with total spin S t = 0. This state is called a quantum spin liquid (QSL) as the spin-spin CFs are equivalent to the density-density CFs in conventional liquids and because it has total spin S = 0 and no broken symmetry. This concept can be generalized to classical systems if the spins are considered as O(3) vectors. The constraint S = 0 is then removed and the state is termed a classical spin liquid (CSL). Another notion for spin liquid ground states emerged from earlier studies by Wannier [2] and Houtappel [3] and is related to geometrical frustration. In that case, it is the geometry of the underlying lattice that leads to magnetic disorder and not its dimensionality. Naturally, frustrated structures may exist not only for D = 1 and for over 50 years frustrated lattices have been examined in the search for ground states in higher dimensions (D = 2, 3). One goal of this research into peculiar structures is the study of unconventionnal spectra, not covered by the Lieb and Mattis theorem [4] .
To date, two particular lattices have been considered as good candidates for spin liquid ground states : the kagomé lattice and the pyrochlore lattice. The first one is a two dimensional arrangement of corner sharing triangles, while the latter is a three dimensional structure of corner sharing tetrahedra. Both lattices have been theoretically investigated and it has been suggested that in the classical case, as well as in the quantum case, they possess spin liquid like ground states [5, 6, 7, 8] . Experimentally, all systems that can be well described by the antiferromagnetic Heisenberg model on these lattices have been found to possess this spin liquid behavior or unconvential behaviors that can be ascribed in part to the underlying "theoretical" spin liquid ground state [9] . This suggests that both the elementary cells (triangle or tetrahedron) and the connectivity (corner sharing) are major ingredients for magnetic disorder. In this paper, we study such a lattice, where the elementary cell is a tetrahedron and where connectivity is corner sharing : the checkerboard lattice (see Fig. 1 ).
This system is two dimensionnal and can be described as the two dimensional analog of the pyrochlore lattice : each atom possess locally the same environment. It has recently been proven that its quantum ground states are singlets [10] . The aim of this work is to show that this ground state is robust against perturbations via modifications of coupling constants, i.e away from the checkerboard lattice limit. To do so, it is shown that the mean field ground state away from the checkerboard lattice limit is unstable when reaching the checkerboard limit and becomes non magnetic. This approach is very close in spirit to the one previously done by Chandra and Douçot [11] on the J 1 -J 2 square lattice model.
The notations, the hamiltonian, and the spin wave analysis are introduced in Sec. II. Results of this approach are presented and discussed in Sec. III.
II. LATTICE, HAMILTONIAN AND SPIN WAVE ANALYSIS

A. Notations and Lattice Description
The checkerboard lattice can be described as a square lattice with a unit cell containing 2 spins (see Fig. 1 ). Each cell of the lattice can be obtained from the others In order to simplify our calculations, it has been described by a square lattice with a 2-spins unit cell (bottom).
by applying the translations a = (1, 0) and b = (0, 1). This means that each site of the lattice can be defined by two indices (i, n). The first corresponds to the unit cell (i = 1 . . . N) where N is the total number of cells in the lattice and the other to the type of the site (n = 1, 2). We introduce two kinds of interactions, J and J ′ . J corresponds to a coupling constant on a square lattice. J ′ can be seen as a coupling constant within one square over two of the square lattice (see Fig. 2 ). Using these notations, the Brillouin zone of the underlying Bravais lattice is BZ(k x , k y ) = [−π, π] × [−π, π] and the structure coefficients can be defined as :
where δ, γ, ǫ and η are depicted in Fig. 2 . 
B. Spin Wave Hamiltonian
The Heisenberg hamiltonian for this system is
where J ij are coupling constants (J ij < 0 for an antiferromagnet) and S i is the spin located at site i. Using the previous notation, the hamiltonian can be written
where the sum is performed over the N unit cells, i.e it involves 2N sites. In our notation,
means "the site of type v that can be reached from the site u of unit cell i making translation t ". This spin hamiltonian may be transformed into a boson hamiltonian through an Holstein-Primakoff transformation, provided that we know its Mean Field ground states (MF) from the square lattice limit to the checkerboard lattice limit, i.e for all values of r = J ′ /J. One way to know the MF ground state(s) is to compute the Fourier transform of the interactions on the lattice [12] .
As we here deal with a 2-spin unit cell, its Fourier transform J( q) is a 2 × 2 matrix and must be diagonalized to find the normal modes λ µ=1,2 ( q). The ground state (if unique) then corresponds to the lowest eigenvalue λ 1 ( q 0 ) and is described by the propagation vector q 0 and the associated eigenvector V 1 ( q 0 ) which fixes the inner structure of the unit cell. In the range 0 ≤ r < 1, q 0 always equals 0 and the eigenvector is always equal to (1, −1) which means that the ground state is non-degenerate and corresponds to the antiferromagnetic Néel state (see Fig.  3 top and middle). At the peculiar point r = 1, we obtain a flat branch, signaling that at the MF level, the system is continuously degenerate (see Fig. 3 bottom) . That behavior can be explained in terms of local degrees of freedom. In the limit J ′ = J, we note that the hamiltonian may be decomposed as a sum of squares over "tetrahedra", as it has been done in the kagomé as well as in the pyrochlore lattice
We see that the classical ground state is defined by the constraint 4 i=1 S i = 0 on each tetrahedron. Furthermore, as tetrahedra are corner sharing, this constraint is not sufficient to order the system and there are an infinite number of ways to satisfy it, which results in a flat branch over the whole Brillouin zone. This is exactly the same phenomenon that was previously observed on the kagomé as well as on the pyrochlore lattice. Nevertheless, the Néel state belongs to this infinite set of MF ground states, and as it is the correct one for any r < 1, we will also consider this state by continuity for the point r = 1. For the parameter range r > 1, the situation is quite different as MF ground states are continuously degenerate along lines corresponding to the border of the square lattice Brillouin zone (see Fig. 4 ). This unable a description via a spin wave analysis in this range as no magnetic ground state can be choosen as a trial state. This is the same situation as the one encountered on the kagomé or the pyrochlore lattices where spin wave calculations can only compare relative stability of Néel states without considering the entire set of these states [13] . So, we will restrict ourselves to the range 0 ≤ r ≤ 1, and consider the antiferromagnetic Néel state as the trial state. We therefore introduce two species of bosons, each one related to a different sublattice, and restrict the developpement of spin operators to the lowest order in the spin wave expansion
which allows, after a Fourier transformation, the hamiltonian to be written as follows where f k = 2 + r(ǫ − 1), g k = 2 + r(η − 1), h k = δ + γ and r = J ′ /J. δ, γ, ǫ and η are defined according to Eq. 1. Application of a Bogoliubov transformation on this hamiltonian allows it to be written in terms of normal modes, i.e non interacting bosons. The new bosonic operators are α and β and are defined by
where (u,v) are real functions of wave vector k
ǫ α and ǫ β are two branches of "magnons" and are given by
This transformation is well defined, i.e [α k , α
Through this transformation, the hamiltonian now reads
We now restrict ourselves to the ground state, i.e where expectation values are
This allows the computation of the energy per site in addition to the local magnetization
III. RESULTS AND DISCUSSION
In the following, we fix J = −1 and take −1 ≤ J ′ ≤ 0. Switching to the continuous formulation by use of the correspondance when N → ∞
N
where v 0 is the volume of the Brillouin zone (BZ), Eq. 15 and Eq. 16 become
In Fig. 5 and 6 both quantities are plotted as functions of the ratio r = J ′ /J. For the case r = 0, well known results for the S = 1/2 square lattice are recovered : E = −0.658 and M = 0.3. The magnon spectrum is very simple; there is only one dispersive branch, which is two times degenerate in our case because of the 2-spin unit cell description (Fig. 7  top) . With increasing r, there are three zones to distinguish. First, in the range 0 ≤ r ≤ r c , the magnon spectrum has two distinct manifolds, each of these being dispersive (Fig. 7 middle) . This occurs now because the site of the unit cell no longer have the same symmetry. r c corresponds to a critical coupling below which the local magnetization is finite, even renormalized by quantum corrections. For S = 1/2, r c ≈ 0.75 and for S = 1, r c ≈ 0.93. The second zone corresponds to the range r c ≤ r < 1. Because of quantum corrections, local magnetization is renormalized to zero, which means that in this approximation, the system does not show magnetic ordering. Even if quantum fluctuations drive the system to disorder, one notes that magnons are still dispersive. This means that there is no peculiar contribution coming from their structure. This is no longer the case for the special point r = 1. At this point, the lowest branch of spin waves is flat over the whole Brillouin zone (Fig. 7 bottom) . This has several consequences. First, we cannot tell whether it is possible to extend this notion of critical coupling r c for large S. This comes from the non-analytic behavior of v α ( k) when r → 1 along directions ky = ±kx. Because of this the local magnetization diverges as −1/ (1 − r), i.e is renormalized to zero, whatever the value of S. Such a problem is often encountered in frustrated lattices and it rules out the possibility of studying the r = 1 point without going to next order of expansion in our model, i.e, without including quartic terms. Whether such an inclusion of quartic terms is relevant is not clear as it corresponds to con- sider quartic modes as perturbations of zero quadratic modes. Nevertheless, it is the simplest next step to be done in the frame of spin wave analysis [13] . Second, it has a meaning very close to MF conclusions. If the lowest branch of magnons is flat, this means that the system has no spin stiffness. Thus, any local deformation will not propagate through lattice. This is very close to the argument of continuous degeneracy obtained through the MF approach, i.e the existence of an infinite number of local degrees of freedom (see Eq. 5). These degrees of freedom are one of the signatures of frustrated systems and may be counted, in the case of classical spins, through the "Maxwellian counting" rule [7] . While such argument is lacking in the quantum case, the low spin cases (S = 1/2 and S = 1) suggest that a robust quantum spin liquid behavior exists in the neighbourhood of the checkerboard lattice point. At the level of our approximation, this means that quantum fluctuations and geometrical frustration in this system may drive the antiferromagnetic Heisenberg model to a quantum spin liquid ground state for a finite range of J ′ . Although there is no material possessing the pure checkerboard lattice structure, the fact that the spin liquid ground state could be stable not only at the isotropic point is encouraging and enlarges the number of candidates for a spin liquid behavior. This stability of the disordered ground state is a situation very close to that of the kagomé lattice where it has been shown, using two distinct numerical methods [14] , that going from the triangular limit to the kagomé limit, there is a singular point associated to a critical coupling (r c = J ′ c /J ≈ 0.9), where local magnetization vanishes. The similarity between the kagomé and the checkerboard lattices may extend far beyond this peculiar point. One of the most unusual aspects displayed by these quantum frustrated magnets is the presence of low lying singlet-singlet excitations. Here, we note that this could be the case as the hamiltonian describing the checkerboard lattice can be written as a corner sharing lattice of tetrahedra. Therefore, we expect that tensorial product of the ground states of these tetrahedra, i.e a set of independent 4-spin singlets, could split when switching on the inter-tetrahedra couplings. This would create a continuous spectrum of singlets in the same manner as has been conjectured in the pyrochlore antiferromagnet [8] . This assumption is consistent with exact diagonalization results on small clusters of the checkerboard lattice (16 spins S = 1/2) that found singlet states in the spectrum, lying between the S = 0 ground state and the first excited magnetic state (S = 1) [15] .
In conclusion, spin wave analysis has shown that the checkerboard lattice may have a quantum spin liquid ground state for low values of S. This state is robust against perturbations corresponding to a slight change in the coupling constants and we expect this system to be in the same class as that of the kagomé and the pyrochlore antiferromagnets.
